7th International Symposium on Imprecise Probability: Theories and Applications, Innsbruck, Austria, 2011

Interval-valued regression and classification models in the
framework of machine learning
Lev V. Utkin
Department of Computer Science
St.Petersburg State Forest Technical Academy
St.Petersburg, Russia
lev.utkin@mail.ru

Abstract
We present a new approach for constructing regression and classification models for interval-valued data.
The risk functional is considered under a set of probability distributions, resulting from the application of
a chosen inferential method to the data, such that
the bounding distributions of the set depend on the
regression and classification parameter. Two extreme
(‘pessimistic’ and ‘optimistic’) strategies of decision
making are presented. The method is applicable with
many inferential methods and risk functionals. The
general theory is presented together with the specific
optimisation problems for several scenarios, including
the extension of the support vector machine method
for interval-valued data.
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1

Introduction

A main goal of statistical machine learning is prediction of an unobserved output value y based on an
observed input vector x, which requires estimation of
a predictor function f from training data consisting of
pairs (x, y). Two major topics in statistics which fit
into the statistical machine learning framework are regression analysis and classification. In regression analysis, one typically aims at estimation of a real-valued
function based on a finite set of observations with random noise. In classification, the output variable is in
one of a finite number of classes1 and the main task is
to classify the output y corresponding to each input
x into one of the classes by means of a discriminant
function. Many methods have been proposed for solving machine learning problems, but these are mostly
based on rather restrictive assumptions, for example
1 Often

two classes, to which attention is restricted in this
paper; generalization is possible but not addressed here.
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assuming the availability of a large amount of training
data, known probability distribution for the random
noise, or that all observations are point-valued (‘precise’). Such assumptions are typically not fully satisfied in applications. For example, data often include
interval-valued (‘imprecise’) observations, which may
result from imperfection of measurement tools or imprecision of expert information if used as data. There
may also be (partially) missing data, for example in
classification problems the input vector (‘pattern’) x
is often not fully observed. Many methods for dealing
with such features use additional assumptions. In this
paper, a general framework is presented that allows
such important aspects to be incorporated in machine
learning problems without additional assumptions, instead it uses the framework of imprecise probability
[34] and it can be used for a wide variety of inferences,
models and real-world situations.
Many methods have been presented for regression and
classification with interval-valued data [11, 16, 23]. In
some methods for machine learning, interval-valued
observations are replaced by precise values based on
some (often ad-hoc) additional assumptions, for example by taking middle points of the intervals [14].
Also, they may not be suitable if an observation is
not restricted to an interval of finite length. This is
an important restriction, as frequently it may only be
known that an observation is larger (or smaller) than
a specific value while the support of the corresponding
random quantity is not finite. The method presented
in this paper can deal with such information without
additional assumptions and allows infinite support2 ,
including the use of (−∞, ∞) for missing elements of
the input vector x. Machine learning methods have
been presented which use standard interval analysis
and provide predictor functions with interval-valued
parameter [2, 9, 26], and construction of second-order
machine learning models for interval-valued patterns
2 It should be noted that the support of elements of vector
x can be arbitrary. Without loss of generality, we assume it to
be (−∞, ∞).

was proposed in [4]. Although many methods have
been presented for dealing with interval-valued data
[23], these are mostly based on interval extension of
the empirical risk functional [33] without benefiting
from, or even considering, an imprecise probabilistic
framework in direct relation to imprecise statistical
data.
Pelckmans et al. [17] presented a detailed analysis of
different methods and models for dealing with missing data in classification. Many methods do so by imputation of (partially) missing patterns, where missing (precise) values are replaced by some preferable
values. Imputation using intervals, including the full
support in case of missing elements of x has also been
presented. De Cooman and Zaffalon [5] studied the
classification problem with missing data in the framework of imprecise probability theory. An interesting
approach for regression analysis with interval-valued
and fuzzy data using belief functions and evidence
theory has been proposed by Petit-Renaud and Denoeux [18]. One of the possible approaches to regression analysis is to consider a set of probability
distributions for the random noise instead of a single distribution. This approach can be realized in the
framework of imprecise probability theory [34] and
has been developed by Walter et al. [36].
The novel approach for constructing a class of machine learning models and methods proposed in this
paper uses risk functionals as in [18] and sets of probability distributions as in [36]. The starting point is
a set of probability distributions related to the training data, which can just be a small amount of data
or imprecise data, and this set can be generated by
a variety of inferential methods and is assumed to be
bounded by some lower and upper CDFs. Such sets
of probability distributions are also called p-boxes [7].
In the regression and classification applications considered in this paper, these bounds for the set of probability distributions depend on the unknown parameter of the regression or discriminant function, because
the sets of probability distributions considered are for
the random residuals and as such they depend on the
model parameter. It should be noted that the considered set of distributions is not the set of parametric
distributions having the same parametric form as the
bounding distributions, but it is the set of all possible distributions restricted by the lower and upper
bounds. This is an important feature of the proposed
approach in this paper.
Traditionally, machine learning methods have used a
variety of simplifying assumptions in order to maintain acceptable computational effort required for implementation. The fact that the bounds for the set of
probability distributions considered in the regression

and classification problems depend on the model parameter makes it clear that any optimisation of risk
functionals over the whole set of probability distributions is likely to require an enormous computational
effort. It will be illustrated that, for a wide range of
popular risk functions, computational is feasible due
to new results for the optimisation. In addition to
introduction of the general theory, the approach will
be illustrated by presenting the resulting optimisation
problem formulations for several combinations of loss
functions and sets of probability distributions.
Generally, the parameter of a regression model is computed by minimising a risk functional defined by the
combination of a certain loss function and a probability distribution for the random noise [10, 33]. When
using a set of probability distributions instead of a
precise distribution, we can choose a single distribution from this set which minimises or maximises the
risk functional; the probability distribution maximising (minimising) the risk functional corresponds to
the minimax (minimin) strategy. These cases can be
called the ‘pessimistic’ and ‘optimistic’ decisions, respectively. The main problem in finding these two
(‘extreme’ or ‘optimal’) precise distributions is that,
like the bounds of the corresponding set of distributions, they depend on the unknown regression and
classification model parameter which has to be computed. We will identify these optimal probability
distributions as functions of the unknown parameter
only, which enables us to substitute them into the
expression for the risk functional and to compute the
optimal model parameter by minimising the risk measure over the set of possible values for the parameter.
The sets of probability distributions can be constructed from training data by a variety of statistical inference methods, including imprecise (‘generalized’) Bayesian inference models [19, 34, 35], nonparametric predictive inference [3] or belief functions
[1, 6, 7, 13, 22]. The approach has recently been used
in regression modelling with precise statistical data
using Kolmogorov-Smirnov (KS) confidence bounds
[30] and also includes imprecise Bayesian normal regression [28]. In this paper, there is special attention to the use of extended support vector machines
(SVMs) [10, 33] to construct sets of probability distributions in case of interval-valued data, as SVMs are
popular tools in machine learning. It will be interesting to implement the general approach presented
here with a wide range of methods for constructing
the sets of probability distributions and to compare
the resulting inferences, for example also with regard
to the effect of parameters such as the chosen confidence level if KS bounds are used; this is left as an
important topic for future research.

2

Regression and classification in the
machine learning framework

The standard learning problem can be formulated as
follows [10, 33]. We select the best available function
f (x, αopt ) from the set of functions f (x, α) parameterized by parameter α ∈ Λ (this parameter is typically multi-dimensional), so the function f (x, αopt ) is
considered to be the best approximation of the system response. The selection of the desired function
is based on a (training) set of n observations (xi , yi ),
i = 1, ..., n, assumed to be independent (conditionally
on the assumed model) and identically distributed
with probability density function (PDF) p(x, y) =
p(y | x)p(x) and CDF F (x, y). Here x ∈Rm is a multivariate input and y is a scalar output which takes
values from R for the regression model and from the
set {−1, 1} for the classification model3 . The regression and classification models can be regarded as special cases of the general learning problem, the method
presented here is widely applicable.
The quality of an approximation f (x, α) in a regression model is measured by the loss function
L(y, f (x, α)) which typically depends on the difference z = y − f (x, α). Therefore, we use the notation
L(z) = L(y, f (x, α)). Common and convenient loss
functions are the quadratic loss L(z) = z 2 , the linear loss L(z) = |z|, and the so-called ‘ε-insensitive’
[33] and ‘pinball’ loss functions [12]. In classification
models, commonly used loss functions are the indicator loss function L(x, y) = 1{sgn(f (x, α)) 6= y},
the logistic loss, the hinge loss, the squared hinge loss
and the least square loss functions [21]. All these loss
functions can be implemented in the general approach
presented in this paper.
The main goal of learning is to find the optimal parameter αopt which minimises the following risk functional over the parametrized class of functions f (x, α),
α ∈ Λ:
Z Z
R(α) =
L(y − f (x, α))p(x, y)dxdy.
A commonly made assumption for regression models is that the random error (noise) Z, which takes
the values z = y − f (x, α), has mean zero and PDF
p(z | α) = p(y | x), leading to
Z
R(α) = L(z | α)p(z | α)dz.
If the joint density p(x, y) is unknown (or no specific
form of it has been assumed), then the risk functional
3 Generally, y might take values in any finite set, the restriction to binary classification is due to space limitations.

R(α) can be replaced by the empirical risk functional
n

Remp (α) =

1X
L(y − f (x, α)).
n i=1

(1)

If p(x, y) is known or of an assumed parametric form,
then a common technique for computing αopt is the
maximum likelihood estimation method [33].
In this paper we assume that the function f is linear,
f (x, α) = α0 + hαϕ(x)i
with h·i the canonical dot product notation. In particular we consider the function with ϕi (xi ) = xi , which
corresponds to many popular models in learning. The
use of more general functions f will be discussed elsewhere.

3

Regression with a set of
distributions

Suppose that we do not know the precise CDF of Z,
but we know that it belongs to a set F(α) bounded
by lower CDF F (z | α) and upper CDF F (z | α)
which depend on the parameter α. As mentioned before, these bounds can result from the use of a wide
range of inferential methods applied to the observations (xi , yi ), i = 1, ..., n. It is important to emphasize
that the dependence of the lower and upper CDFs
on the parameter α is an important feature of the
proposed approach. When we have a set of probability distributions instead of a single one, we can
construct a corresponding set of regression models.
For decision making, it is important to choose some
of these models4 , we consider the use of the minimax
(‘pessimistic’) and minimin (‘optimistic’) strategies to
judge the quality of an estimator and hence of the corresponding regression model.
3.1

The minimax strategy

The minimax strategy can be motivated as follows.
We do not know (or wish to assume) a precise CDF
F and every CDF in F(α) could be selected. Therefore, we should take the ‘worst’ distribution providing
the largest value of the risk functional. The minimax
criterion can be interpreted as an insurance against
the worst case because it aims at minimising the expected loss in the least favorable case [20]. The upper
risk functional R(α) for α is defined as
Z
R(α) =
max
L(z | α)dF (z | α).
(2)
F (z | α)∈F (α)

4 Alternative methods for dealing with the set of regression
models can be of interest but are not investigated here.

It can be regarded as the upper expectation of the loss
function. The optimal parameter αopt is computed by
minimising the upper risk functional over the set Λ.
Most loss functions in regression models have one minimum at point 0. Utkin and Destercke [31, 32] have
shown that the optimal CDF from the set F(α) providing the upper bound for R(α) in case of such loss
functions is of the form

−1

z ≤ F (τ ),
 F (z),
−1
(3)
FU (z) =
F (τ ) < z < F −1 (τ ),
τ,


−1
F (z),
z ≥ F (τ ),
where τ is one of the roots of the equation
 −1 

L F (τ ) = L F −1 (τ ) .
If the loss function is symmetric about 0, then τ can
−1
be derived from the equation F −1 (τ ) + F (τ ) = 0.
Using this optimal CDF, the upper risk functional
R(α) is
Z F −1 (τ )
R(α) =
L(z | α)dF (z | α)
−∞
Z ∞
(4)
+
L(z | α)dF (z | α).
F −1 (τ )

The optimal value of parameter α according to the
minimax strategy can be derived by minimising R(α)
over α ∈ Λ.
3.2

The minimin strategy

The minimin strategy can be interpreted as corresponding to an ‘optimistic’ decision, namely a CDF
F (z | α) ∈ F(α) is used which provides the smallest
value for the risk functional R(α) for arbitrary values
of α. The corresponding lower risk functional for α is
defined as
Z
R(α) =
min
L(z | α)dF (z | α).
(5)

The optimal value of parameter α according to the
minimin strategy can be derived by minimising R(α)
over α ∈ Λ.

4

Regression with interval-valued
observations

Suppose that the training set consists of n independent observations (xi , Yi ), i = 1, ..., n, with intervals
Yi = [y i , y i ] instead of point-valued observations5 .
This implies that the random noise Z takes values
in intervals Zi (α) such that y − f (xi , α) ∈ Zi (α) for
all y ∈ Yi . The question that needs to be addressed is
how to proceed with the interval-valued training set
in the framework of predictive learning.
There are several ways in which one could deal with
such an interval-valued data set. In this paper, we
construct the lower and upper CDFs for a set of
probability distributions corresponding to the available information through a chosen inferential method
out of a wide range of possibilities, as discussed before. This set depends on the parameter α because
the intervals Zi (α), i = 1, ..., n are functions of α.
With such intervals Zi (α), the same approach as proposed by Utkin and Coolen [30], who used p-boxes
corresponding to Kolmogorov-Smirnov bounds, can
be applied for parameter optimisation in the regression model under the minimax and minimin scenarios. Denoting the boundary points of intervals Zi (α)
by Z i (α) = y i − f (xi , α) and Z i (α) = y i − f (xi , α), a
p-box can be constructed from the observed intervals
in the framework of Dempster-Shafer theory [6, 22].
If we assume for simplicity that every observation interval occurs only once, then
F (z | α) = Bel((−∞, z]) = n−1

The optimal CDF from the set F(α) providing the
lower bound for the expectation is

F (z), z ≤ 0,
(6)
FL (z) =
F (z), z > 0.
Using this optimal CDF, which has a jump at point
z = 0, the lower risk functional R(α) is
Z 0
R(α) =
L(z | α)dF (z | α)
−∞
Z ∞
L(z | α)dF (z | α).
+
(7)
0

1,

i:Z i (α)≤z

F (z | α)∈F (α)

It can be regarded as the lower expectation of the loss
function. The optimal parameter αopt is computed by
minimising the lower risk functional over the set Λ.

X

F (z | α) = Pl((−∞, z]) = n

−1

X

1.

i:Z i (α)≤z

If some intervals occur more than once then the corresponding CDFs follow straightforwardly. These lower
and upper CDFs, which depend on the parameter α,
can be used for dealing with interval-valued y in regression, as is illustrated next for several scenarios.
5 The method presented in this paper can also deal with
interval-valued input variables xi . Due to space limitations, for
regression the presentation is restricted to point-valued input
variables, but for classification (Section 5) interval-valued input
variables are used. Throughout, the intervals are not restricted,
hence they can be any interval of possible values upto the whole
of (−∞, ∞).

4.1

subject to

The minimax strategy

With the lower and upper CDFs corresponding to the
interval-valued observations as discussed above, the
upper risk functional in (4) is
X
R(α) = n−1
L(Z i (α))
i:Z i (α)≤F

+n

−1

(τ )

X

−1

L(Z i (α)).

i:Z i (α)≥F −1 (τ )
−1

with τ such that F −1 (τ ) = −F (τ ). Note that
this upper risk functional uses, for every α, only the
boundary points Z i (α) and Z i (α) of the intervals
Zi (α). This feature is important as it significantly
simplifies computation of the optimal parameter αopt .
The upper risk functional for the minimax strategy
with a fixed α can be written as the upper expectation
corresponding to basic probability assignments [15,
24], giving
R(α) = n−1

n
X
i=1

max

L(z).

z∈[Z i (α),Z i (α)]

We also concluded that this upper risk functional is
achieved at boundary points of intervals Zi , with
R(α) = n−1

n
X


max L(Z i (α)), L(Z i (α)) .

i=1

It should be pointed out that, if all observations are
precise (‘point-valued’), so y i = y i = yi , this upper
risk functional is equal to the standard empirical risk
functional (1). We can now consider some of the most
important loss function in regression, where the optimal parameter αopt under minimax can be obtained
by minimising R(α) over all α ∈ Λ.
4.1.1

Gi ≥ Z i (α), Gi ≥ Z i (α),
Gi ≥ −Z i (α), Gi ≥ −Z i (α), i = 1, ..., n.

The third and fourth constraints take into account the
fact that residuals may be negative. If we assume that
the function f (x, α) is linear, i.e., f (x, α) = α0 +hαxi,
then the optimisation problem specified by (9) and
(10) is a well-known quadratic programming problem
with the optimisation variables α and Gi , i = 1, ..., n,
which can be solved by means of standard methods.
4.1.2

Linear and pinball loss function

The pinball loss function with parameter τ ∈ [0, 1] is
given by [12]

τ z,
z > 0,
Lτ (z) =
(τ − 1)z, z ≤ 0.
The linear loss function is the special case of the pinball loss function with τ = 1. We consider calculation
of the optimal parameter of the regression model using the minimax criterion with the pinball loss function. We introduce new optimisation
variables Gi , i =

1, ..., n, such that Gi = max Lτ (Z i (α)), Lτ (Z i (α)) .
The condition z ≥ 0 implies the condition Gi ≥ τ · z.
However, if Gi ≥ τ · z and z ≥ 0, then G ≥ τ · z − z.
On the other hand, the condition z < 0 implies the
condition Gi ≥ (τ − 1)· z = τ · z − z. However, if
Gi ≥ τ · z − z and z < 0, then Gi ≥ τ · z. Finally, the
condition Gi ≥ Lτ (z) can be represented by means of
two constraints Gi ≥ τ · z and Gi ≥ τ · z − z, which
simultaneously ‘cover’ all possible values of z. This
implies that the optimisation problem for computing
the optimal regression parameter can be written as
min

α,Gi

Quadratic loss function

We consider the quadratic loss function L(z) = z 2 ,
the most popular one in classical regression theory
and applications. To minimise the corresponding upper risk functional we have to solve the optimisation
problem functional:
!
n
X
 2
2
min
max Z i (α), Z i (α)
.
(8)
α

i=1

Introducing new optimisation
 variables Gi , i =
1, ..., n, such that G2i = max Z i 2 (α), Z i 2 (α) , problem (8) can be rewritten as
min

α,Gi

n
X
i=1

G2i ,

(9)

(10)

n
X

Gi ,

(11)

i=1

subject to
Gi ≥ τ · Z i (α), Gi ≥ τ · Z i (α),
Gi ≥ (τ − 1) · Z i (α),
Gi ≥ (τ − 1) · Z i (α), i = 1, ..., n.

(12)

If we assume that the function f (x, α) is linear, then
this is a well-known linear programming problem.
4.2

SVM

Let us return to the case with the linear loss function and the minimax strategy, and compare the obtained optimisation problem with the popular SVM
approach [10, 21, 33] which in regression is also called

‘support vector regression’. The ε-insensitive loss
function is applied in the corresponding regression
models [33]. If all observations are point-valued, so
y i = y i = yi , then according to the standard SVR approach, parameter α is determined by the quadratic
programming problem

min
α

!
n
X
1
∗
hα, αi + C
(ξi + ξi )
2
i=1

optimisation problem is

n
n
1 XX
max −
(Qi − Ti ) (Qj − Tj ) hxi xj i
2 i=1 j=1
−ε

+

(13)

n
X

i=1
n
X

(Qi + Ti ) −

(y i −

n
X

y i (Qi − Ti )

i=1

!
y i ) (ϕ∗i

− ϕi ) ,

i=1

subject to
n
X

subject to

(Qi − Ti ) = 0, 0 ≤ Qi ≤ C, 0 ≤ Ti ≤ C.

i=1

ξi ≥ 0, ξi + ε ≥ (hαxi i + α0 ) − yi ,
ξi∗ ≥ 0, ξi∗ + ε ≥ yi − (hαxi i + α0 ) , i = 1, .., n. (14)
Here C is a constant ‘cost’ parameter, ξi , ξi∗ , i =
1, ..., n, are slack variables, and 12 hα, αi is the
Tikhonov regularization term (the most popular
penalty or smoothness term) [27] which enforces
uniqueness by penalizing functions with wild oscillation and effectively restricting the space of admissible solutions [8]. The positive slack variables ξi , ξi∗
represent the distance from yi to the corresponding
boundary values of the ε-tube.
The constraints (12) and (14) coincide if the variables
Gi coincide with the slack variables ξi , ξi∗ and y i = y i ,
ε = 0, τ = 1. Consequently, the proposed approach
for constructing the regression model with intervalvalued data, supplemented by the regularization term
and the constant ‘cost’ parameter C, can be regarded
as an extension of the SVM approach to the case of
interval-valued data, i.e. we have the same objective
function and the following constraints in terms of SVR
for every i = 1, ..., n:

Here ψi , ψi∗ , ϕi , ϕ∗i are Lagrange multipliers and Qi =
ψi + ϕi , Ti = ψi∗ + ϕ∗i .
It can be seen from this dual optimisation problem
that in the regression model we use a point in every
observation interval which is a linear combination of
its bounds y i and y i with coefficients determined by
the values of the Lagrange multipliers. If y i = y i
we get the dual optimisation problem of the standard
SVM method with variables Qi and Ti .
If the quadratic loss function is used instead of the εinsensitive loss function, then the proposed regression
model (optimisation problem (9)-(10)) is the ‘least
squares SVM’ approach [25] which is solved through
a system of linear equations.
4.3

The minimin strategy

Using the lower and upper CDFs corresponding to the
interval-valued observatons, as discussed at the start
of this section, we can rewrite the lower risk functional
(7) as
X
R(α) = n−1
L(Z i (α))
i:Z i (α)≤0

X

+ n−1
ξi ≥ 0, ξi + ε ≥ (hαxi i + α0 ) − y i ,
ξi ≥ 0, ξi + ε ≥ (hαxi i + α0 ) − y i ,
ξi∗
ξi∗

≥ 0,
≥ 0,

ξi∗
ξi∗

+ ε ≥ y i − (hαxi i + α0 ) ,
+ ε ≥ y i − (hαxi i + α0 ) .

Now the slack variables ξi , ξi∗ are additionally constrained and represent the largest distance from y i
and y i to the corresponding boundary values of the
ε-tube, respectively. This implies that the minimax
strategy searches for the largest residuals (or ‘margins’ in terms of classification) from all residuals in
every interval Zi , i = 1, ..., n. The corresponding dual

L(Z i (α)).

i:Z i (α))≥0

As in the case of the upper risk function, this lower
risk functional is, for every α, defined only by the
boundary points Z i (α) and Z i (α) of the intervals
Zi (α). However, not all observation intervals contribute to the lower risk functional because the optimal CDF has a jump at point 0.
The lower risk functional for the minimin strategy
with a fixed α can be written as the lower expectation
corresponding to basic probability assignments [15,
24], giving
R(α) = n−1

n
X
i=1

min
z∈[Z i (α),Z i (α)]

L(z).

(15)

It follows that the risk measure is 0 if there exist one or
more values of α such that 0 ∈ [Z i (α), Z i (α)] for every i = 1, ..., n. If this is the case for multiple vectors
α, one can consider to have found several ‘perfect fits’
to the available data, which either could be considered
all together (this would be in line with some fundamental ideas behind imprecise probability) or which
could be compared by a secondary criterion (the same
comment applies generally if there are multiple optimal vectors α). This is an interesting topic for future
research, for now let us assume that a unique best estimate of α can be obtained and that the corresponding
lower risk functional is positive (so there is no ‘perfect
fit’). A term in the objective function is non-zero if
one of the following two conditions holds
Z i (α) < 0, Z i (α) > 0.
Let us consider the pinball loss function for this situation. Introducing new optimisation variables Hi ,
i = 1, ..., n, it is easy to prove that the optimisation
problem can be written as
min

α,Hi

n
X

Hi ,

i=1

subject to
Hi ≥ τ Z i (α), Hi ≥ (τ − 1)Z i (α),
Hi ≥ 0, i = 1, ..., n.
The quadratic loss function leads to the similar problem with Hi replaced by G2i , minimisation over Gi ,
and τ = 1. These are well-known optimisation problems that can be solved efficiently by standard methods.
4.4

SVM

We consider the case with the linear loss function under the minimin strategy and derive the optimisation
problem in the SVM framework. By using the standard Tikhonov regularization term, we can formulate
the following convex optimisation problem
!
n
X
1
∗
min
hα, αi + C
(ξi + ξi ) ,
α
2
i=1
subject to
ξi ≥ 0, ξi + ε ≥ (hαxi i + α0 ) − y i , i = 1, ..., n,
ξi∗ ≥ 0, ξi∗ + ε ≥ y i − (hαxi i + α0 ) , i = 1, ..., n.
This is a quadratic programming problem, with slack
variables ξi , ξi∗ representing the distance from y i and
y i to the corresponding lower and upper boundary values of the ε-tube, respectively. The minimin strategy

searches for the smallest residuals in each interval Zi ,
i = 1, ..., n, under condition that there are positive
residuals. As in Subsection 4.2, the corresponding
dual optimisation problem provides further insights
into the optimal solution, a detailed analysis will be
presented elsewhere.

5

Classification with interval-valued
observations

We consider classification problems where the system output y is restricted to two values, the proposed method can be generalized to more possible
values. The input variables (patterns) x may be
interval-valued. Suppose that we have a training set
(Xi , yi ), i = 1, ..., n. Here Xi ⊂ Rm is the Cartesian
(i)
(i)
product of m intervals [xk , xk ], k = 1, ..., m, which
again are not restricted so could even include intervals (−∞, ∞), and yi ∈ {−1, 1}. Let the n−1 = r
observations Xi with i = 1, . . . , r correspond to the
class (with) y = −1 and the n+1 = n − r observations
Xi with i = r + 1, . . . , n correspond to the class y = 1.
The risk functional can be written as R(α) =
R−1 (α) + R+1 (α), with
Z
Ry (α) =
L(x, y)dF (x, y)
Rn
Z
=πy
L(x, y)dF (x | y),
Rn

where πy = p(y) is a prior probability6 for class y.
Suppose that the CDFs F (x | y) are unknown. As
discussed before, a wide range of inferential methods can be chosen to, in combination with the dataset containing interval-valued observations, produce
a set of CDFs F (x | y). One additional obstacle due
to the interval-valued input variables is that x is a
vector so now p-boxes of multivariate distributions
must be constructed. We propose that this problem
can be resolved as follows. Note that interval-valued
data x lead to an interval-valued discriminant function f (x, α) whose parameter α is unknown and has
to be determined. Therefore, in contrast to many alternative approaches in classification, we propose to
consider the CDF F (f | y) instead of the multivariate CDF F (x | y). This is briefly discussed further
below, detailed explanation and illustrations will be
presented elsewhere. With this change, the risk functional becomes
Z
Ry (α) = πy
L(f | y)dF (f | y).
R
6 Choice of prior probabilities is not addressed here. However, it is worth noting that generalization to allow imprecise
prior probabilities is possible.

But we allowed explicitly the use of a set of CDFs, so
now consider the set F(y) of probability distributions
produced by lower CDF F (f | y) and upper CDF
F (f | y) CDFs , i.e.

case, then the upper bound for R−1 (α) is achieved at
the distribution F (f, −1), hence
Z
R−1 (α) =
L(f, −1)dF (f, −1).
R

F(y) = {F (f ) | ∀f ∈ R, F (f |y) ≤ F (f ) ≤ F (f |y)}.
It is important to emphasize that, although we have
not explicitly included α in the notation for these distribution sets, F(y) depends on the parameter α because f is a function of α and the lower and upper
CDFs depend on α. We introduce notation
fL = min f (x, α), fU = max f (x, α).
x∈X

x∈X

If the function f is linear, then the lower and upper
bounds for the discriminant functions are determined
only by the bounds of pattern intervals, i.e.
fL =
fU =

min

f (x, α),

max

f (x, α).

xk ∈{xk ,xk }, k=1,...,m
xk ∈{xk ,xk }, k=1,...,m

max

R−1 (α) +

max

F (f |1)∈F (1)

R−1 (α) = r

−1

r
X
i=1
r
X

max

f ∈[fL,i (α),fU,i (α)]

L(f, −1)

L(fU,i (α), −1).

And similarly, the corresponding upper expectation
R+1 (α) is

According to the minimax strategy, we select a probability distribution from the set F(−1) and a probability distribution from the set F(+1) such that the
risk measures R−1 (α) and R+1 (α) achieve their maxima for every fixed α. It must be emphasized that
the ‘optimal’ probability distributions may be different for different values of parameter α, which implies
that the corresponding ‘optimal’ probability distributions depend on α. Since the sets F(−1) and F(1)
are obtained independently for y = −1 and y = 1,
the upper risk functional with respect to the minimax
strategy is of the form
F (f |−1)∈F (−1)

The upper expectation R−1 (α) corresponding to given
basic probability assignments m(fi ) = r−1 for intervals fi , i = 1, ..., r, can be derived for fixed α by
[15, 24]

i=1

The minimax strategy

R(α) =

R

= r−1

This property is also valid for arbitrary monotone discriminant functions. For every interval-valued observation (Xi , yi ), we have the interval fi = [fL,i , fU,i ] of
values of the discriminant function. These intervals
depend on the parameter α, so the bounds fL,i and
fU,i cannot be computed explicitly, but inference is
again possible in many important scenarios through
specification of the optimisation problems involved,
and the use of standard algorithms to solve such problems. We illustrate this next for the minimax strategy,
methods for the minimim strategy can be developed
similarly and will be presented elsewhere.
5.1

In this case the function L(f, 1) is decreasing, so
Z
R+1 (α) =
L(f, 1)dF (f, 1).

R+1 (α).

−1

R+1 (α) = (n − r)

n
X

L(fL,i (α), 1).

i=r+1

Finally, we minimise R(α) to compute αopt , with
R(α) =
+

r
π− X
L(fU,i (α), −1)
r i=1
n
π+ X
L(fL,i (α), 1).
n − r i=r+1

Further steps towards the solution of the problem depend on the chosen loss function, we briefly consider
one important special case. For the hinge loss function L(x, y) = max(1 − yf, 0),
R(α) =
+

r
π− X
max (0, 1 + fU,i (α))
r i=1
n
π+ X
max (0, 1 − fL,i (α)) .
n − r i=r+1

After simple modifications, we get the linear problem
!
r
n
π− X
π+ X
min
Gi +
Gi
(16)
α
r i=1
n − r i=r+1
subject to
(i)

For many popular loss functions in such classification
the loss function L(f, −1) is increasing. If this is the

(i)

(i)

Gi ≥ 1 − yi (hαxi i + α0 ) , ∀xk ∈ {xk , xk },
Gi ≥ 0, i = 1, ..., n.

(17)

By adding the standard Tikhonov regularization term
to the objective function, we get the SVM classifier
with cost parameters C− = π− /r and C+ = π+ /(n −
r). We introduce notation
X
X
(i,k)
ψik , Tj (i) =
ψik xj
Qi =
k∈Ji

k∈Ji (j)

where the set Ji (j) is a ‘projection’ of the set of indices
on the j-th element of the vector xi . Then the dual
optimisation problem is

!
n X
n
n
m
X
X
X
1
max 
yi yj
Tv (i)Tv (j)  ,
Qi −
2
v=1
i=1 j=1
i=1
subject to
n
X

yi Qi = 0, 0 ≤ Qi ≤ C− , i = 1, ..., r,

i=1

0 ≤ Qi ≤ C+ , i = r + 1, ..., n.
This is the SVM classification approach with intervalvalued data under the minimax strategy. Space restrictions prevent further details, illustration or discussion of this result and related results for different
loss functions and for the minimin strategy. However,
it is clear that the general approach presented in this
paper leads to a wide variety of attractive methods
for machine learning, with relatively straightforward
inclusion of interval-valued observations.

6

Concluding remarks

In this paper, a new class of imprecise regression
and classification models has been proposed which
are capable to deal with interval-valued data as frequently occur in practice. The class has been illustrated for several important specific cases, and it has
been shown that the resulting inference problems can
be formulated as standard optimisation problems, so
the method can be implemented using readily available software. This new method has several important
features. First, it has a clear explanation and justification in the decision making framework. Secondly,
it allows a wide variety of inferential methods for constructing the p-boxes. For example, imprecise (‘generalized’) Bayesian inference models [19] can be used
and these provide an exciting opportunity for developing learning models for a wide range of different applications. Thirdly, the method can deal with (partly)
missing data as the intervals for observations are not
restricted, which is important as complete data sets
are the exception in practice. Finally7 , resulting statistical inferences are similar some well-known robust
7 This was discussed by Utkin and Coolen [30] for p-boxes
based on Kolmogorov-Smirnov bounds

statistics methods, for which the current approach
provides formal justifications and interpretations in a
decision theoretic framework. Detailed study of these
aspects, and development of further models and corresponding inferences, is ongoing. The main disadvantage of the proposed approach is that it is often
not straightforward how the bounding CDFs can be
explicitly defined as functions of the regression or classification parameter, which may add to computational
complexity but the results show that the approach can
be developed to allow real-world applications. A main
strength of the proposed method is the link with the
popular SVM approach. A key feature of SVMs is
the use of kernels which are functions that transform
the input data to a high-dimensional space where the
learning problem is solved. Such kernel functions can
be linear or nonlinear, which will allow us to significantly extend the class of regression or discriminant
functions that can be used. Our approach directly
showed how the regular SVM approach can be generalized for dealing with interval-valued observations.
There are interesting possibilities for combining corresponding ‘minimin’ and ‘minimax’ strategies. For
example, the method for cautious decision making
proposed by Utkin and Augustin [29], which uses the
extreme points of a set of probability distributions
produced by imprecise data, can be applied. In our
approach, the values of the extreme points are determined from the optimal CDFs (3) and (6) for the
minimax and minimin strategies, respectively. Detailed analysis of this cautious strategy and the possibility to arrive at set-based predictions and related
final decisions on the basis of our model outputs, are
interesting topics for future research, together with
dealing with imprecise input variables for the object
to predict, imprecision in the dependent variables and
of course comparison with more established methods.
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