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Abstract

By the Choquet theorem, distributions of random
closed sets can be characterized by a certain class
of set functions called capacity functionals. In this
paper a generalization to the multivariate case is pre-
sented, that is, it is proved that the joint distribution
of finitely many random sets can be characterized by a
set function fulfilling certain properties. Furthermore,
we use this result to formulate an existence theorem
for set-valued stochastic processes.
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1 Introduction

Random sets, or set-valued maps, can be used to
model uncertainty. They can be interpreted as im-
precise observations of random variables ([10]) which
assign to each element of the underlying probability
space a set instead of a single value. These sets
(called focal sets) are supposed to contain the true
value of the variable.

We will consider random closed sets, that is, random
maps whose values are closed subsets of a topological
space E, since they have favorable properties. The
family of all closed subsets of E will be denoted by
F which can in turn be topologized by the so-called
Fell topology ([1]). Random closed sets can then
be seen as random elements with values in F and
classical probability theory can be applied. As
already mentioned, they can also be interpreted as
imprecise observations of random variables ([10]).
In this case, one is more interested in events from
the Borel-cg-algebra B(E), than from B(F) and
non-additive set functions (so-called lower and upper
probabilities, see [4]) are introduced to measure if
the focal elements hit or miss a certain set from
B(E). The link between these two interpretations

is given by the so-called Choquet theorem (also
referred to as the Choquet-Matheron-Kendall the-
orem, see [13, 15, 17]), which states a one-to-one
correspondence between probability distributions
on B(F) and a certain class of non-additive set
functions, called capacity functionals, on B(E).

The goal of this paper is to present characterizations
of the joint distribution of finitely many random sets.
More precisely, given n random sets we will link their
joint distribution defined on the product-c-algebra
B(F)®™ to set functions defined on the compacts of
the co-product E x {1,...,n} or a certain class of
subsets of E™.

The plan of the paper is as follows. In Section 2
we review the most important facts on random sets
and their distributions including the classical Cho-
quet theorem. The main part of the paper is Section
3 where joint distributions of random sets are consid-
ered and characterized by multivariate capacities. In
Section 4 the latter is used to formulate a Daniell-
Kolmogorov existence theorem ([5, 7]) for set-valued
stochastic processes. Furthermore, we consider Brow-
nian motion as an example.

2 Random closed sets and Choquet
theorem

In this section we review the most important facts
about random closed sets. As already mentioned in
the introduction we consider maps whose values are
closed subsets of some topological space E. Through-
out the paper, G, F, K will denote the families of
open, closed, compact subsets of E, respectively. Fur-
thermore, we will use the following notation

Fa={FeF:FnA#}
FA={FeF:FnA=0}
Pty =FI0Fy, 0N Fy,



for arbitrary subsets A, Ay, ..., Ax of E. The family
F is endowed with the Fell topology ([1]). Recall that
the latter has as a sub-base {&,}ceg U {FX} ek,
that is, sets of the form FX , (K € K, G; € G)
constitute a base. We shall always assume that E is a
locally compact Hausdorff second countable (LCHS)
space. In this case, F together with the Fell topology
becomes a compact Hausdorff second countable space
([1]). In addition, we introduce on F the so-called
Effros-o-algebra B(F) which is generated by the sets
{Fc}aeg. By virtue of the LCHS property of E, the
Effros-o-algebra is also generated by {Fk} kex and is
the Borel-o-algebra with respect to the Fell topology.
For details and further information about topologies
on F the reader is referred to the monograph [1].

A map X : Q — F on a probability space (2, %, P)
will be called Effros-measurable if

X (G)={w: X(

for all G € G whereas X will be called random (closed)
set if it is strongly measurable ([18]), i.e., X ~(B) € &
for all B € B(E). Note that in general the two condi-
tions are not equivalent unless (2, X, P) is complete
(see [2, 8]). The distribution of an Effros-measurable
map X is then the image measure Px of P on B(F).
For the generating sets 7 (K € K) of B(F) the prob-
abilities Px(Fg) = P(X(K)) can be expressed by
a set function ¢ : K — [0,1], K + Px(F). This
set function corresponds to the upper probability of a
random set introduced by Dempster and Shafer ([4])
and has (among others) the following properties:

WNG#0=X"YE)ex

(CF1) 0 < ¢ <1and p®) =0,

(CF2) For K, Ky,...,
ities P (g
as

K, € K, n >0, the probabil-
...K,) can be written in terms of ¢
Px (7.
K)=1-¢(K

Apo(K; Ky, . Ky)
= An—l‘P(K;Kla .. 'aKn—l)
- An—1<)0([( U Kn;Kla BREE)

where Agp( ) and for n > 1

K,_1).
Thus, A, > 0 for n > 0.

(CF3) ¢ is continuous from above, that is, for a
decreasing sequence {K,}neny with limit K =
Mpen Kn it holds that o(K,) N\ p(K).

Note that a set function fulfilling Condition (CF2) is
called completely alternating. Furthermore, for n > 1

the successive differences can be expressed as follows:

AnSD(KaK]JaKn)
== Z De(EulJK:) @)
IC{1,...,n} i€l

where the union over () is set to (). A set function on K
fulfilling these three properties is called capacity func-
tional. The following theorem known as the Choquet
theorem (see [13, 15, 17]) says that there is a one-to-
one correspondence between capacity functionals and
probability measures on B(F).

Theorem 1. Let E be an LCHS space and let ¢
K — [0,1] be a capacity functional. Then there exists
a unique probability measure II on B(F) such that
p(K) =1I(Fk) for all K € K.

For later reference we give a sketch of the proof ([13]):
First, note that a capacity functional ¢ can be ex-
tended to the power set P of E by setting

0+ (G)=sup{p(K): K CG,K e K} if G € G,
e*(A)=inf{p.(G): G D A,Ge G} if AeP.

(2)
The extension ¢* is a completely alternating Choquet-
KC-capacity, that is, ¢* is continuous from above on
K and continuous from below on P ([3, 14]). Fur-
thermore, the extension is consistent, i.e., on K the
extension yields the same results as if ¢ is directly
applied. To obtain the desired probability measure
on B(F) the set function ¢* is considered on V =
{GUK : G € G,K € K} and a set function II is de-
fined on H = {FY v, :V,V; €V, k>0,1<j <k}
by I(RY v,) = Are*(V;VA,..., Vi) Il is proved
to be (finitely) additive and extended to a measure
on B(F) (which is generated by H) by using [16,
Prop. 1.6.2] and continuity properties of ¢*. More-
over, one can show (cf. [6], Appendix, 2, Satz 2) that
for all B € B(E) it holds that Fp € B(F)? and
©*(B) = II°(Fp) where (F,B(F)°11°) denotes the
completed probability space with respect to II.

3 The multivariate case

Let n > 2 and E; be LCHS spaces with G;, F;, K;
denoting the families of open, closed, compact subsets
of E;, respectively, 1 <7 < n. As already outlined in
the introduction the goal is to characterize probability
measures on the Borel sets of
Fr=Rx - xFE ={(F1,....F,) : F, € F}

by set functions. F" will be endowed with the product
Fell topology which is generated by the cylindrical sets

K,
}Z; X Ja e

11, ,lel Gni,..oy



where Gyj, € G;, K; € K;. From the one-dimensional
case one can infer that the product-Effros-o-algebra
B(F") = B(E)®" = B(R) ® --- @ B(F,) is generated
by the sets
Fe, X oo X Fye

where K; € ;. For n Effros-measurable maps (ran-
dom sets) X; : Q — F, on a probability space (€2, 2, P)
their joint distribution is then given by

Pxy,ox, (i, X X Tg,)
=P({w: (X1(w),..., Xp(w)) € Fgr, X -+ X Fg })
=PHw: X1(w)NK1 #0,..., X, (w)NK, #0})

- p( ﬂ X7 (K)). ()

The latter can be expressed by using K7 x --- X K,
which is a subset of E" =E; x -+ x E,;:

PX17~~7X7L (‘FKl XX ‘FK.,L)

=P{w: Xj(w)x - x X, (w)NKy x---x K, #0})
(4)

Motivated by this, we use the following notation for
arbitrary V. Vp,..., Vi CE”

”}—V:{(Flv""Fn)E}—n:FlX"'XFnﬂV;ﬁ@}
"FV = {(Fy,...,F) €F" :Fy x - x F, NV =0}
"R v ="FVN"R, 0 N"R,

which implies ]-"K1 X oo X FKn = n‘Fle»--x K, - The
event (Xi,...,X,) ' ("R,) corresponds to the event
that the set-valued map

X:wre Xj(w) x - x X, (w) (5)

hits V. Note that the values of X are closed sub-
sets of E™, more precisely closed cylindrical sets, and
not elements of F™. One can prove ([19]) that X
is Effros-measurable by using selections and the so-
called Fundamental measurability theorem for multi-
functions ([2, 8]). Consequently, the map

K v P(X~(K))

is a capacity functional on the compact subsets of
E" denoted by K(E™). One could thus think of
characterizing joint distributions of n random sets
by capacity functionals on KC(E™). But applying the
Choquet theorem leads to a probability measure on
the Borel sets of F(E™) denoting the family of closed
subsets of E". The latter is clearly different from
F™ which can only be identified with the cylindrical
closed subsets of E™, that is, {Fy x --- x F,, : F; € %}
which is a proper subset of F(E™).

Hence, there is the need for a different concept. In
the following, we will consider the co-product of the
spaces [E;, that is,

n
i=JEBi x {i}
i=1

which is a union of n mutually disjoint sets. We endow
Ef; with the sum topology, that is, we take

G = (G CEL - 74(6) € Gi}

i=1

as the family of open sets. The latter is the small-
est topology on Ef such that the canonical injections
ti - E; = Ef,z — (x,i) are continuous. Moreover,
g ={UiL, Gi x {i} : G; € G;} and the analogous
relations hold for the families of closed, compact and
Borel subsets of Ef;, respectively. It easy is to see that
all topological properties of the E; carry over to the
co-product and so Efj is an LCHS space, too.

The question is how the co-product can be used
to characterize probability distributions on B(F™).
Obviously, each subset A of E[} can be written in
the form A = IIA; = (J!", A; x {i} where the A; are
the sections of A, i.e. A; = {z € E; : (x,i) € A},
and consequently A can be identified with the tuple
(A4,...,A,). Hence, we have a one-to-one corre-
spondence between subsets of the co-product Ef; and
tuples of subsets of the E;. But this means that we
have a one-to-one correspondence between Fj; and
F" and similarly between Kt} and K" = K0y x- - - X IC,,.

Consequently, each set function ¢ on Kfj is related to
a set function ¥ on K™ by

p(IK;) = Y(Ky,..., Kp). (6)

The following lemma shows that ¢ is a capacity func-
tional if and only if ¢ is completely alternating and
continuous from above in each component. From now
on a set function on K" fulfilling Conditions (MCF1)
- (MCF3) of the following lemma shall be called mul-
tivariate capacity functional.

Lemma 1. Let ¢ : £} — [0,1] and ¢ : K™ — [0, 1]
satisfying Equation (6) for all (Ki,...,K,) € K".
Then ¢ is a capacity functional if and only if ¢ fulfills
the following conditions:

(MCF1) »(@,...,0)=0

(MCF2) For all £ > 0, 1 < j < k, K =
(Ky,...,K,), K/ = (K{,...,K}) € K" it holds
that



where Agp(K) =1 —¢(Ky,...,Ky),
App(K; K. KF)
= Ap (KK KR
— A (KUKF KL KR
and KUKF = (K, UKY,...,K, UKF).

(MCF3) For all decreasing sequences {KF}ren C
Ki, 1 < i < n, it holds that ¢(KF,..., KF) \,

Y(Ky, ..., Ky,) for k — oo where K; = (), oy K.

Proof. The equivalence follows from the relation
o(U, K; x {i}) = ¢(Ki,...,K,). Indeed, we get
P(0,...,0) = p(Ui~, 0 x {i}) = ¢(0). Furthermore,
by Formula (1) we have

App(K; K. KF)

= (—1)‘J‘¢(KUUKJ'>

JC{1,....k} jeJ
-— > (—1)'J'w(K1uU K,.... KUl | Kg)
JC{L,... .k} JjeJ jeJ
-~ ¥ %(0 KuUK?x{})
JC{L .k} =1 jeJ
= — l”(p( HKz HKJ))
JC{L 5 } jeJ

- Ak.gp(HKi;HK},...,HKf).

The equivalence of (MCF3) and (CF3) follows from
the fact that KF \, K; for all 1 <i < n if and only if
IKF = 7 KF x {i} \NU™, K; x {i} =1IK;. O

Given a multivariate set function ¢ : K™ — [0, 1] ful-
filling conditions (MCF1) - (MCF3) of the foregoing
lemma, the Choquet theorem (Theorem 1) can be ap-
plied to the capacity functional ¢ : Ky — [0,1] de-
fined by IIK; — ¥(K1,...,K,). This yields a prob-
ability measure @ : B(Fj}) — [0, 1] such that for all
IIK; € Kfj it holds that

o(I1K;) = QUIIF; € Fi  1IF; N 11K, #0}).  (7)

The right-hand side of Equation (7) can further be
written in the following form:

QUIUF; € Fi : IF; N 11K, # 0})

UFX{]} UKx{z #@})
:Q( {HF ef"'(L_JFjX{j})ﬂ(Kix{i})7&0})

:Q(O{HFJ» efﬁ:FmKﬁé@})

i=1

:Q({HF e Fn

(=

7

n

Q(UIMIF e i (A, F) € B })

=1

C:

:Q({HFje]:ﬁ:(Fl,...,F) ffK}) (8)

=1

__{(Fl,...7

As already mentioned we have a one-to-one correspon-
dence between F7; and F". This can be used to define
a probability measure IT on B(F™) from the proba-
bility measure @ on B(Fj}) as the following lemma
shows.

Lemma 2. It holds that

where F; Fn) e F":F,NK; 75 @}

B(F}) {{HF E]:"'(F1,~-~7Fn)GB}:BEB(}‘”)}.
Furthermore, if @ : B(FJ}) — [0,1] is a probability

measure then I : B(F™) — [0, 1] defined by

I(B) = QRILF; € Fiy : (Fy,..., Fn) € BY)  (9)

is a probability measure, too.

Proof. Let

= {{IF; € Fii : (F1,...,F,) € B} : B e B(F")}.
The o-algebra B(F]}) is generated by sets of the form
{HFl S ]:ﬁ : IIF;, N 1IK; 7& @}7 1K, € Kﬁ As in
Equation (8) we obtain

:{HFijﬁ:(Fl,...

) € UﬁKL}

which lies in A; since |J_, ‘7?Ki € B(F™). It is easy
to see that A; is a o-algebra and thus B(Fj;) C A;.
On the other hand, B(F™) is generated by sets of the
form Fp x - x B, K; € K;. We obtain

{HF G‘FH (}Tll,...7

Fo) € Fg, x - x Fg }

i=1

= ({UE; € A - ILF; 0 (K; x {i}) # 0}

which lies in B(F}}) since K;x{i} € KJt. Furthermore,
it is easy to see that

Ay ={BeB(F"):{UUF;:(F\,...,F,) e B} B(F}})}

is a o-algebra. Thus B(F™) = A, which further im-
plies Ay C B(Ff}). It can be easily checked that II is
a probability measure. O



From Equations (6), (7), (8) and (9) we obtain the
following relation between the multivariate capacity
functional ¢ and the probability measure II:

WKy, ...

= QUIIF; € F1 - 1IF; N1IK; # 0} = H(

5 Kn) = @(HKZ’)

=

7)

i=1

We are now ready to formulate the following proposi-
tion which can be viewed as a multivariate version of
the Choquet theorem.

Proposition 1. Let ¢ : K™ — [0,1] be a multivari-
ate capacity functional (that is a set function ful-
filling Conditions (MCF1) - (MCF3) of Lemma 1).
Then there exists a unique probability measure II :
B(F™) — [0,1] such that

n

oK, ) =TI )

i=1

for all (K1,...,K,) € K"

This means that the probability of events of the form
Ui~ F«, can be directly computed by t. Probabili-
ties of other events like F, X --- X Fk, can be com-
puted by using the exclusion-inclusion principle and
the complete alternation property:

n

T(Fg, x - x Fi,) = (ﬂﬁK)
== > u"m(Uzi)
IC{1,...n} =
=— Z 1] (UK x {i} )
IC{1,..., n} il

= Dnp(0; Ky x {1}, Ky x {n})
—An¢(® Ki,...,K,) (10)

where K; = (0,...,0,K;,0,...,0) € K*. We can
state an additional result concerning the probability
of F'" = F| x --- x FJ,, that is, the set of tuples of
non-empty closed subsets.

Corollary 1. In the situation of Proposition 1, if v
fulfills in addition for all 1 <7 <n

sup{y(K;) : K; € K} =1
then II(F™) = 1, that is, a tuple of closed sets almost
surely consists of non-empty sets.

Proof. Let {L¥}ren € K; be increasing sequences
such that LF /A E; for all 1 <i < n, let {MF}ren C
KC; be increasing sequences such that ¢(MF) 1 for

alllgignandleth:L,]fU
and k € N. Consequently,

Mikforalllgign

Fr=J Fp > x F

keN

By the exclusion-inclusion principle we obtain

nF™) = (ﬂ Ufkk)

i=1keN
= Y 'I'H(U ]?K )
(Z);élg{l,...,n} 1€l keN
= ¥ |1|H( U )
P£IC{1,..., n} keNiel
=— (-1 ‘”supH( .7/-:)
@;ﬁlg%l:,...,n} kEN zeLJI e

For all I #0,: € I and k € N we have

(KD = (Fg) <1 B <1

il
and thus
sup(KF) = SupH( U]?Kk) =1
keN keN N =T
Hence,

D=1,

nFm=- > (-

0AIC{1,...,n}

O

Note that if we consider n almost surely non-
empty random sets X1, ..., X,, on a probability space
(©,%, P) then the multivariate capacity functional of
the product random set defined by Equation (5) is
given by

¢(K15"'aK

- P( Lnj X;(Ki)).

Hence, if the E; are o-compact spaces (which is the
case if the E; are LCHS spaces) and {KF}ren C K;
are increasing sequences converging to [E;, respec-
tively, we obtain

lim (KF) = hm P(X;(KF)) =

k—o0

P(X; £0) =1

and thus the condition of Corollary 1 is fulfilled.



We will now relate multivariate capacity functionals
to set functions on special classes of subsets of the
product space E™. Up to now we have used the fact
that a tuple (A, ..., A,) of subsets of the E; can be
identified with the set ITA; = (J;_; A; x {i} which is
a subset of the co-product Efj. On the other hand,
a tuple (Ay,...,A,) can be identified with |, A;
where

Ay ={(z1,...,2,) €EE" : 2, € Aj}.

Consequently, we have a one-to-one correspondence
between K" and

k= { Uk K e k1)
=1

and each set function ¢ on K" is related to a set
function ¢ on K} by

w(Kl,...,Kn)=¢>(CJfQ). (11)

Similar to Lemma 1 one has the following lemma.
Lemma 3. Let ¢ : K* — [0,1] and ¢ : K% — [0,1]
satisfying Equation (11) for all (K3,...,K,) € K™.
Then ¢ is a capacity functional (that is, ¢ fulfills Con-
ditions (CF1), (CF2) and (CF3) for sets from K7)
if and only if ¢ is a multivariate capacity functional
(that is, ¢ fulfills Conditions (MCF1) - (MCF3) of
Lemma 1).

Proof. The equivalence follows from the relation
o(U, Ki) = ¥(Ki,...,K,). Indeed, we have
UL, K; = 0 if and only if K; = @ for all i and
thus ¢(0) = (0, ..., D). Furthermore, by Formula (1)
we have for all K = (Ki,...,K,) € K", Ki =
(Ki,...,Kl)e K"

App(K; K. KP)

= Y WVhe(kulJw)

JC{1,...,k} jeJ
- ¥ (—1)|J|1/)(K1UU K., K0l Kg;)
JC{1,....k} jed jeJ
n
S Z ( 1)|J|¢<U (K,»u U Kz]))
JC{1,....k} i=1 jeJ
n n
—— > we(UkvUUR)
JC{1,....k} i=1 jeJi=1
_Ak(b(Uki;UAil’ aUAzk)
=1 =1 =1

The equivalence of (MCF3) and (CF3) follows from
the fact that Kf N\ K for all 1 < ¢ < n if and only if

U?:l sz \U?:l f(z O

Together with Proposition 1 this implies the following
proposition which gives a characterization of the joint
distribution of n random sets by a set function on K.
Proposition 2. Let ¢ : K" — [0,1] be a capacity
functional, that is, ¢ fulfills Conditions (CF1), (CF2)
and (CF3) for sets from K. Then there exists a
unique probability measure II : B(F") — [0,1] such

that . .
o(Uf)=n(U%)

for all U, K; € K. If, in addition, for all 1 <
i < n it holds that sup{q’)(f{i) : K; € K;} =1 then
II(F™) =1 and for all L € K7} it holds that

o(L) = L("F,).

Proof. The main assertion directly follows from ap-
plying Proposition 1 to ¢ : K™ — [0,1] defined by
Y(K1,...,K,) = ¢(Ul_, K;) which is a multivari-
ate capacity functional by Lemma 3. The additional
statement follows from the fact that ¢(K;) = ¢(K;).
By virtue of Corollary 1 this implies II(F"™) = 1 which
further leads to

1

for all K; € K;. Furthermore, we obtain

Fo)=n(Fmn %)
=1

1C-

Fn 0 Fx,

{(Fl,...,Fn)G]:mZFiﬁKi#Q}
1

2

{(Flv"'aFn)efn:F1X"‘XFnﬂKi#q)}

-

i=1

U K
i=1

Hence, ¢(L) = II("F,) for all L € KI". O

One can think of extending the various set functions
to wider classes of sets. In case of a capacity func-
tional ¢ : K} — [0,1] the extensions from Equa-
tion (2) can be used to obtain a completely alter-
nating Choquet-KJj-capacity ¢* : P} — [0,1] on
the power set of Efj. In case of a multivariate ca-
pacity functional ¢ : K" — [0,1] or a capacity
functional ¢ : K — [0,1] one can define a corre-
sponding capacity functional ¢ on K} by the relation
P(IK;) = ¢Y(K1,..., K,) or p(IK;) = ¢(UiZ, K;)
and use @* to obtain ¥* or ¢*. On the other hand,
the extension procedure given by Equation (2) can be



directly applied to ¢ or ¢ which yields the same *
or ¢* since 11A4; C B, if and only if A; C B; for all
i if and only if |-, A; C U, Bi.

We have seen how a capacity functional ¢ defined on
IC” can be extended to a Choquet- IC” -capacity on

ﬁﬁ:{OAi:AiePi}.
1=1

We point out that a further extension to all subsets
of E" = E; x --- x E,, would not make much sense
since this extension would not be unique. Indeed,
consider the following two (deterministic) sets X; =
[0,1]? and X5 = {(z,y) € [0,1]* :  +y > 1}. They
can be seen as random compact sets in R? on a one
point probability space. The corresponding capacity
functionals ¢; and ¢5 are given by

T AEX N A
¢Z(A)_{O fX,NA=0

for each A C R2. Obviously, ¢; and ¢y coincide on
K2 but they have different values on other sets, for
example, ¢1(A) =1 and ¢o(A4) =0 for A =[0,1/3)%

4 Application to set-valued processes

Let T denote a time set, let (M, M) be a measurable
space and let (2, %, P) be a probability space. Then
amap z : T x 2 — M is a stochastic process if for
each t € T the partial map z; : Q — M is measurable,
that is, z; '(B) € ¥ for all B € M. Denoting by T
the set of all finite subsets of T', the process x induces
a family {u;}ie7 of probability measures where

Mt - M(X)n — [0, 1},

B — P{weQ: (x4, (w),...,z, (w)) € B}),
t=(t1,...,tn), M®" = M ®--- @ M. The latter is
called the family of finite-dimensional distributions of
2 and obviously fulfills the following two conditions:

(i) For all t = (t1,...,t,) €T, B1,...,B, € M and
each permutation o of {1,...,n} it holds that

N;(Bl X oo X Bn) = ,ua@)(Bg(l) X oo X Ba‘(n))

where o(t) = (%(1), e 7to(n))'

(ii) For all t = (t4,...,
it holds that

tn) €T, thi1 €T, B M®"

Htq,..., tnt1 (B X M) (B)

A family of finite-dimensional distributions is said to
be consistent if these two conditions are fulfilled. Un-
der the assumption that M is a complete separable
metric space endowed with its Borel sets B(M), the
well-known Daniell-Kolmogorov theorem [5, 7] says
that for any consistent family of finite-dimensional
distributions there exists a stochastic process whose fi-
nite dimensional distributions coincide with that fam-
ily. More precisely, consider the set of maps from T
to M denoted by M” which is endowed with the o-
algebra B(MT) generated by sets of the form {w €
MT : (w(t1),...,w(t,)) € B}, B € BM"), t; € T,
n > 1. Then there exists a probability measure p on
B(MT) such that for all t = (t1,...,t,) € T (n > 1)
and B € B(M") it holds that

pe(B) = p({w e M (w(ty),. ..,

The desired process is then given by (¢,

w(ty)) € B}).

w) = w(t).

By set-valued stochastic processes we mean stochastic
processes where M = F, that is, maps of the form

X:TxQ—=F

where X; : Q — F is Effros-measurable for all ¢t € T
With the aid of Proposition 1 we can now formulate
an existence theorem for set-valued processes by using
multivariate capacity functionals.

Proposition 3. Let {¢, : t € T} be a family of
multivariate capacity functionals (i.e. set functions
fulfilling Conditions (MCF1) - (MCF3) of Lemma 1).

Assume that the following consistency conditions are
fulfilled:

(1) For all n > 1,t= (t17--~7tn) ET, Ky,....K, €
K and each permutation o of {1,...,n} it holds
that

¢§(K1a s ) w(r(t)( o(1) Ko(n))
where O'@) = ( o(1)s--- ata(n))-

(ii) For alln > 1, t = (t1,...,tn) € T, thy1 € T,
Ki,...,K, € K it holds that

wtl,...,tn+1 (Kla ey Kna ®) = ¢£(K17 ..

Then the family {II; : t € T} obtained from Propo-
sition 1 is a consistent family of probability measures
and there exists a probability measure II on B(FT)
such that for all ¢ = (t1,...,tn) € T (n > 1) and
(Ki,...,K,) € K™ it holds that

(K, ...

= HE({W e FI':(w(ty),...

, Ky).

 Kn)

w(tn) € LnJﬁK 1)

(12)



In addition, the condition sup{y;(K) : K € K} =1
implies II;({w € F7 1 w(t) #0}) =1 forall t € T.

Proof. Since E is an LCHS space, F is a compact
Hausdorff second countable space. Thus, F is also a
Polish space, that is, separable and completely metriz-
able. Hence, if we show that {II, : ¢t € T} is a
consistent family of probability measures the classical
Daniell-Kolmogorov theorem can be applied directly
and Equation (12) is obtained from Proposition 1:

- (U %)
i=1

:H<{w€}'T S(w(ty), ..., w(t

W (Kq,..., Ky)

c Qfm})

It is enough to prove that the consistency conditions
for {II; : t € T} are fulfilled for cylindrical sets of the

form
‘Fthm,Klkl X X ‘FKnhm,Knkn’

K;j, € K, since they constitute a generating class of
B(F") = B(F)®" which is closed under finite inter-
sections. Similarly as in Equation (10) we obtain the
following formula

X T Ko,

= Hz( ﬂ ﬁ fxm)

i=1 i=14;=1
:_Z( i, (U U fK”Z)
Jeg i=1j,€J;
= _ Z ‘J‘Ht(U}—UKul)
Jeg i=1 Ji€Ji
== >0 (U Ko U Kai)

JeJg ji1€1 In€Jn

where 7 = {(J1,...,Jn) : J; C{1,...,k;}} and |J| =
o1 |Jil. Together with (i) this implies

= I, (F X X T
‘7@)( Koy Kok, ) Ka(n)lw"aKo'(n)ko_(n))

In a similar manner as before we obtain

I, . tn+1(fK11,... Kigy, X000 X ]:K e Koy, % F)

:_Z \J\wth tn+1(Uth""’UK"j"’@)'

JeJg J1€J1 Jn€Jn

and thus (ii) implies

Htl)«.»7tn+1 (‘FK117...,K1k1 Xowee

The additional statement that sup{¢;(K) : K € K} =
1 implies II;({w € FT : w(t) # 0}) = 1 directly fol-
lows from Corollary 1. 0

It should be mentioned that in [9] a Daniell-
Kolmogorov theorem for supremum preserving (also
called maxitive) upper probabilities has been proved.

With the aid of the foregoing proposition we can now
try to construct something like a set-valued Brownian
motion. Brownian motion is a real-valued stochas-
tic process in continuous time which is defined via a
consistent family of Gaussian distributions. More pre-
cisely, it is a process with continuous sample functions
starting at time 0 with value 0, and it has indepen-
dent, Gaussian distributed increments with mean 0.
We denote by {8;}te7 (T' = [0, 00)) its family of finite
dimensional distributions which is clearly consistent.
According to Equation (11) and Lemma 3 we get a
family of multivariate capacity functionals {¢}ier
which can be easily seen to be consistent. In addi-
tion, we have for all t = (¢1,...,t,) € T and for all
1 <1i<n that

i) Ki € K} = sup{Bi(K;) : K; € K}
= sup{f;, (Ki) : Ki € K} = 1.

sup{e (K

By applying Propositions 2 and 3 we get a proba-
bility measure II on B(FI%>)) such that for each
t = (t1,...,t,) € T it holds that II,(F™) = 1 and

for each (K71,...,K,) € K™ we get

By defining
B :[0,00) X Flooo) . (t,w) — Bi(w) = w(t)

we get a set-valued process with finite dimensional dis-
tributions {II; }; and finite dimensional capacity func-
tionals {94 };. For time t € [0,00) and G € G we get

M%) =1 ( | %)

neN

= B:(G)

I{w: Bi(w) NG #0}) =

= lim I;(F,) = li_}rn Bt (Ky)

n— oo

where {K,, },en C K is an increasing sequence such
that |J_; K, = G. On the other hand, if we approx-
imate G¢ by an increasing sequence {K, },eny C K we



obtain

I({w: B;(w) C G}) = I(FY) = 1 — I, (R)
=1- nh—>Holo I (Fr, ) =1— nh_{lgo Be(Kn)

=1— (G = B:(G).

Consequently, the lower and the upper probability of
B, coincide and thus, B; is almost surely a singleton.
This means that although B has values in F it is
actually not a set-valued process but a version of
classical Brownian motion.

Note that there are other approaches to define a set-
valued Brownian motion via support functions (see
[11, 12]), but at least in the real-valued case they also
lead to set-valued processes that almost surely consist
of singletons.

5 Summary and conclusion

The goal of this paper was to give a characterization
of probability measures on the Borel subsets of F"
(n > 2) by set functions. The first approach was
to use a set function ¢ defined on the compact sub-
sets of the co-product EJ; and to apply the (classical)
Choquet theorem leading to a probability measure )
on the Borel-o-algebra of the closed subsets of Efj.
It has been shown that instead of ¢ one can equiv-
alently use a set function v defined on the cartesian
product K* = K1 x -+ x K, (Lemma 1). Moreover,
it has been demonstrated how to obtain a probabil-
ity measure II on B(F") from @ (Lemma 2). This
resulted in a characterization of probability measures
on B(F™) by set functions on K™ called multivari-
ate capacity functionals (Proposition 1). In addition,
Proposition 2 stated a characterization using set func-
tions on K7 which is a special class of subsets of the
product space E" =E; x --- x E,,. Figure 1 gives an
overview of the proposed characterizations.

Thm. 1

¢ : Ky — [0, 1] Q: B(Ffp) = [0,1]
A
Lemma 1 Lemma 2
Y
. xen Prop. 1 ) n
i K" —10,1] —= II:B(F")—[0,1]
A
Lemma 3
'A Prop. 2
¢ K — [0, 1]

Figure 1: Overview over characterizations of proba-
bility measures by set functions.

In Section 4, we have stated a Daniell-Kolmogorov
theorem for set-valued stochastic processes, that is,
we have demonstrated that for a consistent family
of multivariate capacity functionals there exists a
set-valued process whose finite dimensional upper
probabilities coincide with these multivariate capac-
ity functionals.
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