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ODbjectives of the paper:

 Algebraic description of least favorable pairs in
Huber-Strassen theory;

» To construct a simple algorithm for searching
least favorable pairs;

 To find connections between least favorable pairs
and functionals in probability theory (Shannon
entropy and Kullback-Leibler distance).
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Notation and Definitions

X is afinite set an@ = 2+ is an algebra of its
subsets.
D1. i : A — |0, 1] is @ monotone measure if

L w(@) =0, pu(X)=1;

2. n(A) < uw(B)if AC Bfor A, B € 2.

o 1y < o for py, ps € Miyon if 111 (A) < puo(A) for
all A € L.

e visdualtop if v(A) =1— u(A°), Ae
(v = ).

« M., IS the set of all monotone measuresbn

« M, Is the set of all probability measures 2n

—n. 3/24



Notation and Definitions

M,.., 1S the set of all monotone measuresbn
M, Is the set of all probability measures @n
Mipw = {pt € Mypon|3P € My, - p < P} isthe
set of all lower probabilities of.

uw € M, 1S a coherent lower probabillity If
P e M, : n < P,u(B) = P(B).

M., I1s the set of all coherent lower probabillities
on4l.

1 € Mpyon 1S 2-monotone ifu (A) + u (B) <
uw(AUB)+ u(ANnB)forall A, B € L,

M,>_ ..., IS the set of all 2-monotone measures on
.
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Neymann-Pearson testing 1or 2-
monotone measures

Let two hypotheseél, and H; be described by
2-monotone measureg and ;. Then any optimal
test between them can be found by solving the
following optimization problem:

Qg (t) = min { (1 —)p§(A) + tuf(A°) ],

0 Ac2X
wheret € |0, 1].

q,2,4(t) is the exact upper probability of error if we

0

use the Bayesian classifier and the prior probability of
Hy is (1 — t) and the prior probability of{; is t.
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Neymann-Pearson testing 1or 2-
monotone measures

q,2 ,4(t) can be rewritten as

0

Qug (1) = mmin . ma>(< ) (1 =) Po(A) + tPi(A%),
occorel o),

Pyecore(r)

By Huber-Strassen theory, there is a pair

(Fy, P1) € core (ug) x core (1) (least favorable)
such that

Qugp(t) = min (1 =) Ry(A) + tP(A)}
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AIYcDIalL UucsClhipuorit O uic Op-
timization problem

Notation. Lett € [0, 1], then
Lo, () =

{A€2%|(1 = 0p(A) + 1d(49) = gu,0(0) }:
Lo = U Lo (1).

t€(0,1)

Proposition 1. Let ug, 11 € Ma—mon, A € L, 1, (1),
BeLl,  (s),andt <s. ThenANBe L, (1)
andAU B e L, ., (s).

Corollary 1. £, ., 1S a lattice, and monotone
measureg andy; are additive orC,, . -
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Algebraic description ... Part 2

Notation. .
A= N 4 A= U A
AS ) ASC i)

P1. A, A € L,,,,(t) by Proposition 1.

Proposition 2. Let Py, P, € M,,. Then for any
t e 0,1]
‘CPO,Pl(t) — {A S 2X|At CAC At} ;

where
A, ={z|(1 =) ({z}) <th ({z})},

Ay =A{z|(1 =) ({z}) < th ({a})}-
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Algebraic description ... Part 3

The likelihood ratio of probability measuré$y and
P, can be defined by functions: X — [0, 400,
7m:X — |0,+00] and

D r(x)=n(x) = F ({x})/ P ({x}) if at least one of
the values?) ({z}) and P, ({x}) is greater than zero
(we definer(z) = 7(z) = +o0 if By ({z}) > 0 and

Py ({z}) = 0);

2)m(z) =0and7w(z) = +oo if By ({x}) = 0and

P2. A, = {x € X|a(x) < t/(1-1)},
Ap = v € Xlz(z) < t/(1—1)}.




NCCLCCoodly alll Sulliciclit CONul-
tions for least favorable pairs

Lemma 1. Let ug, 1 € Ms_on, Py € core (ug) and
Py € core (p1) such thay,q ,4(t) = gp, p,(t) for all

t € 10,1]. Thenl,, ,,(t) € Lp, p (t) forallt € 0,1].

Lemma 2. Let the conditions of Lemma 1 hold and
Lp p(t)=L,,,, (1) forallt € |0,1]. Then the

likelihood ratio of( Py, P;) is uniquely defined ok
by
1. m(x) = 0 and7(z) = +oo if & € Apg\A;;
2. m(z) =7(z) =
sup {t/(1 —t)|z € At € [0,1]} if x € A;;

3. n(x) =7(x) = +ooif z € X\ (Ag U 4,).

—n. 10/24



Characterization throughn likeli-
hood ratio

D2. Functionsr(z) and7w(x) from Lemma 2 are
called a likelihood ratio of 2-monotone measures

o, 1 -

Lemma 3. Let ug, 1 € Ms_,0n @nd let
Py € core (up) andP; € core (111) be such that

Gua4(t) = qr,,p () forall t € [0, 1].

0

Then the likelihood ratio of 7, P;) is equal to the
likelihood ratio of(uq, 1) in all points, where at least
By ({LIZ’}) > (0 or P ({ZE}) > (.
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Necessitity and sufficiency

Proposition 3. Let g, 11 € Ms_10n, and letA, be the
minimal elements of, . (¢),t € |0, 1]. Assume also

that Py € core (ug) and Py, € core ().

Theng,q ,4(t) = qp, p (t) forall t € [0, 1] iff

1. Py (4) = uh (4y), Pr(4) = i (4,) for all
t € |0,1].

2. The likelihood ratio of 7, P,) is equal to the
likelihood ratio of(u, 11) in all points, where at
leastF, ({x}) > 0or P, ({z}) > 0.
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Existance of least favor. pairs

Proposition 4. Let g, ;11 € Mo_non, A; and A, be
maximal and minimal elements af, , (),
respectively. Then there afg§ < core (o) and

Py € core (11) such that

1. Ry (A) = pj (Ay), Pr(4,) = p (A,) for all
t € |0,1].
2. qlud”ucli(t) — 4p,.P, (t) forall t € [O, 1].

0
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Description of sets{ A, }

341, t9,...,t;_1} SUCH that
O0<ty1 <tyo<..<tpm1=1m(x)="t/(1—1tp)if

reA, \A k=1,...,m—2.
Notation. )
Br=A,,k=1,...,m—1,B, = (X\4)) UA,.
P3.
1. g(x) — ﬁ(x) — tk/(l — tk) If x € Bk—l—l\Bk1
k=1,...m—1.
2. m(x) =a(x)=01if z € By. o(x) = 0 and
T(z) =+ooif x € X\B,,.
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Description of least favor. pairs

Corollary 2. Let g, 11 € My_,0n- Then every least
favorable pair /), P;) can be represented as

Py — mz (i (Br) — it (By)) (Po) oo,
P — f: (11 (Bk) = 1 (Bi1)) (P) g,

where conditional probability measures satisfy the
following inequalities:

(#1)31 < (Pl)Bl;
(Ml)Bk\Bk_1 S (Pl)Bk\Bk_l — (PO)Bk\Bk—l S
(16) g, K =2,m =13

(Fo)p,\B,_, (146) By\Bu_1 *
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Searching setss;.

Lemma 4. The choice of set®,., k =1,....m, IS

produced as follows:
a) B, Is the set with the smallest cardinality such that

p1 (B1) = max {1 (B) |ph(B) = 0} ;

b) If setsBy, = 0, By, ..., By_1, k > 2, are known and
11 (Br_1) < 1. ThenB; should be chosen from the
set() of possible solutions of the following
optimization problem
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Searching setsB;., Part 2

If |2 # 1, then the seB;. should be with the smallest
cardinality such that

pn (By) = max pu (B) .

c) the setB,,, (11 (B,,—1) = 1) is the set with the
smallest cardinality from

{B€ABD By 1,ui(B)=1}.

The above conditions define sé#s, £k = 1,2, ..., m,
uniquely.
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cllalaclciiZatiull Ol 1Icadsl 1davUI-
able pairs by functionals

Theorem 1.Let ug, 1 € Ms_,,,, and letd be any
twice continuously differentiable function af, 1],
such tha®” > 0. Then the pair

(Qo, Q1) € core (up) x core (p1) minimizes the
functional

H (P, Pr) = [ @ (2725 ) d (Po+ )

among all( Py, P,) € core (ug) x core (uy) iff
qr,.p (1) < qg,.0,(t) forall ¢t € [0, 1].
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cllalaclciiZatiull Ol 1Icadsl 1davUI-
able pairs by functionals

Corollary 3. Let us use assumptions and notations
from Theorem 1. Then

H (P, ) fq)(dpjfgza)d(POJFPl):

bft—q]aopl (1)) ®"(t)dt — D'(1) — ®(1).
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cllalaclciiZatiull Ol 1Icadsl 1davUI-
able pairs by functionals

Corollary 4. Let ug, 11 € Ms_,,.n, @and let
d : [0,1] — (—o0, +00] be any twice continuously
differentiable function on0, 1), such that

1. "(y) > 0forally € (0,1).

2. P(0) = lim ®(y). ¢(1) = lim P(y).
y—+0 y—1-—0
Then any least favorable pair

(Qo, Q1) € core (p) x core (p1) minimizes the
functional

H (P, P,) f<I> (dpjfgipl) d(Py+ P)

among all( Py, P1) € core (ug) X core (j1).
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cllalaclciiZatiull Ol 1Icadsl 1davUI-
able pairs by functionals

Corollary 5. Let us use notations from Corollary 2
and(Fy, P,) € core (ug) X core (i) be aleast

favorable pair. Letr = ud + ;. Then

H (P07 Pl) —
— o(Bi)—pi(Br—1
> @ (UGl ) (B v (Bi)).

Remark. To compute the minimum ofl (Fy, P;)
among all( Py, P;) € core (ug) x core (1) itis not
necessary to search a least favorable pair.
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Connection to K.-L. distance
Example 2. The Kullback-Lelbler distance is

Dict(Pr, Fy) = [ In (45) ap

It can be rewritten as
Dkr(P1, Poy) = | ©(y)d (P + Py),
X

where®(y) = (1 — y) In (179) In this case

o(y) = D" (y) = yg(f_y) > 0 forally € (0,1).

Thus, any least favorable pai@),, ¢);) minimizes the
functional Dk (P, FPy) among all
(Py, P1) € core (pg) x core (7).
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Conclusion

« The algebraic description of least favorable pairs
IS given.

« An effective algorithm for searching least
favorable pairs is constructed.

« It Is established the connection between
computing functionals (Shannon entropy and
Kullback-Lelbler distance) and searching least
favorable pairs.
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Thank you for attention!!!
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