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Objectives of the paper:
• Algebraic description of least favorable pairs in

Huber-Strassen theory;
• To construct a simple algorithm for searching

least favorable pairs;
• To find connections between least favorable pairs

and functionals in probability theory (Shannon
entropy and Kullback-Leibler distance).
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Notation and Definitions
X is a finite set andA = 2X is an algebra of its
subsets.
D1. µ : A → [0, 1] is a monotone measure if

1. µ(∅) = 0, µ(X) = 1;

2. µ(A) 6 µ(B) if A ⊆ B for A,B ∈ A.

• µ1 6 µ2 for µ1, µ2 ∈ Mmon if µ1(A) 6 µ2(A) for
all A ∈ A.

• ν is dual toµ if ν(A) = 1− µ(Ac), A ∈ A

(ν = µd).
• Mmon is the set of all monotone measures onA.
• Mpr is the set of all probability measures onA.
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Notation and Definitions
• Mmon is the set of all monotone measures onA.
• Mpr is the set of all probability measures onA.

• Mlow = {µ ∈ Mmon|∃P ∈ Mpr : µ 6 P} is the
set of all lower probabilities onA.

• µ ∈ Mmon is a coherent lower probability if
∃P ∈ Mpr : µ 6 P, µ(B) = P (B).

• Mcoh is the set of all coherent lower probabilities
onA.

• µ ∈ Mmon is 2-monotone ifµ (A) + µ (B) 6
µ (A ∪B) + µ (A ∩B) for all A,B ∈ A;

• M2−mon is the set of all 2-monotone measures on
A.
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Neymann-Pearson testing for 2-
monotone measures

Let two hypothesesH0 andH1 be described by
2-monotone measuresµ0 andµ1. Then any optimal
test between them can be found by solving the
following optimization problem:

qµd
0,µ

d
1
(t) = min

A∈2X

{

(1− t)µd
0(A) + tµd

1(A
c)
}

,

wheret ∈ [0, 1].

qµd
0,µ

d
1
(t) is the exact upper probability of error if we

use the Bayesian classifier and the prior probability of
H0 is (1− t) and the prior probability ofH1 is t.
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Neymann-Pearson testing for 2-
monotone measures
qµd

0,µ
d
1
(t) can be rewritten as

qµd
0,µ

d
1
(t) = min

A∈2X
max

P0∈core(µ0),

P1∈core(µ1)

(1− t)P0(A) + tP1(A
c),

By Huber-Strassen theory, there is a pair
(P0, P1) ∈ core (µ0)× core (µ1) (least favorable)
such that

qµd
0,µ

d
1
(t) = min

A∈2X
{(1− t)P0(A) + tP1(A

c)} .
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Algebraic description of the op-
timization problem
Notation. Let t ∈ [0, 1], then
Lµ0,µ1

(t) =
{

A ∈ 2X
∣

∣

∣
(1− t)µd

0(A) + tµd
1(A

c) = qµd
0,µ

d
1
(t)

}

;

Lµ0,µ1
=

⋃

t∈(0,1)

Lµ0,µ1
(t).

Proposition 1. Let µ0, µ1 ∈ M2−mon, A ∈ Lµ0,µ1
(t),

B ∈ Lµ0,µ1
(s), andt 6 s. ThenA ∩B ∈ Lµ0,µ1

(t)
andA ∪B ∈ Lµ0,µ1

(s).

Corollary 1. Lµ0,µ1
is a lattice, and monotone

measuresµd
0 andµ1 are additive onLµ0,µ1

.
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Algebraic description ... Part 2
Notation.

At =
⋂

A∈Lµ0,µ1
(t)

A, Āt =
⋃

A∈Lµ0,µ1
(t)

A.

P1.At, Āt ∈ Lµ0,µ1
(t) by Proposition 1.

Proposition 2. Let P0, P1 ∈ Mpr. Then for any
t ∈ [0, 1]

LP0,P1
(t) =

{

A ∈ 2X |At ⊆ A ⊆ Āt

}

,

where
At = {x|(1− t)P0 ({x}) < tP1 ({x})},

Āt = {x|(1− t)P0 ({x}) 6 tP1 ({x})} .

– p. 8/24



Algebraic description ... Part 3
The likelihood ratio of probability measuresP0 and
P1 can be defined by functionsπ : X → [0,+∞],
π̄ : X → [0,+∞] and

1) π(x) = π̄(x) = P0 ({x})/P1 ({x}) if at least one of
the valuesP0 ({x}) andP1 ({x}) is greater than zero
(we defineπ(x) = π̄(x) = +∞ if P0 ({x}) > 0 and
P1 ({x}) = 0);

2) π(x) = 0 andπ̄(x) = +∞ if P0 ({x}) = 0 and
P1 ({x}) = 0.

P2.At = {x ∈ X|π̄(x) < t/(1− t)},
Āt = {x ∈ X|π(x) 6 t/(1− t)}.
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Necessary and sufficient condi-
tions for least favorable pairs
Lemma 1. Let µ0, µ1 ∈ M2−mon, P0 ∈ core (µ0) and
P1 ∈ core (µ1) such thatqµd

0,µ
d
1
(t) = qP0,P1

(t) for all
t ∈ [0, 1]. ThenLµ0,µ1

(t) ⊆ LP0,P1
(t) for all t ∈ [0, 1].

Lemma 2. Let the conditions of Lemma 1 hold and
LP0,P1

(t) = Lµ0,µ1
(t) for all t ∈ [0, 1]. Then the

likelihood ratio of(P0, P1) is uniquely defined onX
by

1. π(x) = 0 andπ̄(x) = +∞ if x ∈ Ā0\A1;

2. π(x) = π̄(x) =

sup
{

t/(1− t)|x ∈ Āt, t ∈ [0, 1]
}

if x ∈ A1;

3. π(x) = π̄(x) = +∞ if x ∈ X\
(

Ā0 ∪ A1

)

.
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Characterization through likeli-
hood ratio
D2. Functionsπ(x) andπ̄(x) from Lemma 2 are
called a likelihood ratio of 2-monotone measures
µ0, µ1.

Lemma 3. Let µ0, µ1 ∈ M2−mon and let
P0 ∈ core (µ0) andP1 ∈ core (µ1) be such that
qµd

0,µ
d
1
(t) = qP0,P1

(t) for all t ∈ [0, 1].

Then the likelihood ratio of(P0, P1) is equal to the
likelihood ratio of(µ0, µ1) in all points, where at least
P0 ({x}) > 0 or P1 ({x}) > 0.
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Necessitity and sufficiency
Proposition 3. Let µ0, µ1 ∈ M2−mon, and letAt be the
minimal elements ofLµ0,µ1

(t), t ∈ [0, 1]. Assume also
thatP0 ∈ core (µ0) andP1 ∈ core (µ1).

Thenqµd
0,µ

d
1
(t) = qP0,P1

(t) for all t ∈ [0, 1] iff

1. P0 (At) = µd
0 (At), P1 (At) = µ1 (At) for all

t ∈ [0, 1].

2. The likelihood ratio of(P0, P1) is equal to the
likelihood ratio of(µ0, µ1) in all points, where at
leastP0 ({x}) > 0 or P1 ({x}) > 0.
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Existance of least favor. pairs
Proposition 4. Let µ0, µ1 ∈ M2−mon, Āt andAt be
maximal and minimal elements ofLµ0,µ1

(t),
respectively. Then there areP0 ∈ core (µ0) and
P1 ∈ core (µ1) such that

1. P0 (At) = µd
0 (At), P1 (At) = µ1 (At) for all

t ∈ [0, 1].

2. qµd
0,µ

d
1
(t) = qP0,P1

(t) for all t ∈ [0, 1].
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Description of sets{At}

∃ {t1, t2, ..., tm−1} such that
0 < t1 < t2 < ... < tm−1 = 1, π(x) = tk/(1− tk) if
x ∈ Atk+1

\Atk
, k = 1, ...,m − 2.

Notation.
Bk = Atk

, k = 1, ...,m − 1, Bm =
(

X\Ā0

)

∪ A1.

P3.

1. π(x) = π̄(x) = tk/(1− tk) if x ∈ Bk+1\Bk,
k = 1, ...,m − 1.

2. π(x) = π̄(x) = 0 if x ∈ B1. π(x) = 0 and
π̄(x) = +∞ if x ∈ X\Bm.
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Description of least favor. pairs
Corollary 2. Let µ0, µ1 ∈ M2−mon. Then every least
favorable pair(P0, P1) can be represented as

P0 =
m+1
∑

k=2

(

µd
0 (Bk)− µd

0 (Bk−1)
)

(P0)Bk\Bk−1
,

P1 =
m
∑

k=1

(µ1 (Bk)− µ1 (Bk−1)) (P1)Bk\Bk−1
,

where conditional probability measures satisfy the
following inequalities:

(µ1)B1
6 (P1)B1

;
(µ1)Bk\Bk−1

6 (P1)Bk\Bk−1
= (P0)Bk\Bk−1

6
(

µd
0

)

Bk\Bk−1

, k = 2, ...,m − 1;

(P0)Bm\Bm−1
6

(

µd
0

)

Bm\Bm−1

.
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Searching setsBk

Lemma 4. The choice of setsBk, k = 1, ...,m, is
produced as follows:
a)B1 is the set with the smallest cardinality such that

µ1 (B1) = max
{

µ1 (B) |µd
0(B) = 0

}

;

b) If setsB0 = ∅, B1, ...,Bk−1, k > 2, are known and
µ1 (Bk−1) < 1. ThenBk should be chosen from the
setΩ of possible solutions of the following
optimization problem

min
B

∣

∣

∣

∣

Bk−1⊂B
µ1(B)>µ1(Bk−1)

µd
0 (B)− µd

0 (Bk−1)

µ1 (B)− µ1 (Bk−1)
.

– p. 16/24



Searching setsBk, Part 2
If |Ω| 6= 1, then the setBk should be with the smallest
cardinality such that

µ1 (Bk) = max
B∈Ω

µ1 (B) .

c) the setBm (µ1 (Bm−1) = 1) is the set with the
smallest cardinality from

{

B ∈ A|B ⊇ Bm−1, µ
d
0(B) = 1

}

.

The above conditions define setsBk, k = 1, 2, ...,m,
uniquely.
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Characterization of least favor-
able pairs by functionals
Theorem 1.Let µ0, µ1 ∈ M2−mon and letΦ be any
twice continuously differentiable function on[0, 1],
such thatΦ′′ > 0. Then the pair
(Q0, Q1) ∈ core (µ0)× core (µ1) minimizes the
functional

H (P0, P1) =
∫

X

Φ
(

dP0

dP0+dP1

)

d (P0 + P1)

among all(P0, P1) ∈ core (µ0)× core (µ1) iff
qP0,P1

(t) 6 qQ0,Q1
(t) for all t ∈ [0, 1].
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Characterization of least favor-
able pairs by functionals
Corollary 3. Let us use assumptions and notations
from Theorem 1. Then

H (P0, P1) =
∫

X

Φ
(

dP0

dP0+dP1

)

d (P0 + P1) =

1
∫

0

(t− qP0,P1
(t)) Φ′′(t)dt− Φ′(1)− Φ(1).
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Characterization of least favor-
able pairs by functionals
Corollary 4. Let µ0, µ1 ∈ M2−mon and let
Φ : [0, 1] → (−∞,+∞] be any twice continuously
differentiable function on(0, 1), such that

1. Φ′′(y) > 0 for all y ∈ (0, 1).

2. Φ(0) = lim
y→+0

Φ(y). Φ(1) = lim
y→1−0

Φ(y).

Then any least favorable pair
(Q0, Q1) ∈ core (µ0)× core (µ1) minimizes the
functional

H (P0, P1) =
∫

X

Φ
(

dP0

dP0+dP1

)

d (P0 + P1)

among all(P0, P1) ∈ core (µ0)× core (µ1).
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Characterization of least favor-
able pairs by functionals
Corollary 5. Let us use notations from Corollary 2
and(P0, P1) ∈ core (µ0)× core (µ1) be a least
favorable pair. Letν = µd

0 + µ1. Then

H (P0, P1) =
m
∑

k=1

Φ
(

µd
0(Bk)−µd

0(Bk−1)
ν(Bk)−ν(Bk−1)

)

(ν (Bk)− ν (Bk−1)) .

Remark. To compute the minimum ofH (P0, P1)
among all(P0, P1) ∈ core (µ0)× core (µ1) it is not
necessary to search a least favorable pair.
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Connection to K.-L. distance
Example 2.The Kullback-Leibler distance is

DKL(P1, P0) =
∫

X

ln
(

dP1

dP0

)

dP1.

It can be rewritten as
DKL(P1, P0) =

∫

X

Φ(y)d (P1 + P0),

whereΦ(y) = (1− y) ln
(

1−y
y

)

. In this case

ϕ(y) = Φ′′(y) = 1
y2(1−y) > 0 for all y ∈ (0, 1).

Thus, any least favorable pair(Q0, Q1) minimizes the
functionalDKL(P1, P0) among all
(P0, P1) ∈ core (µ0)× core (µ1).
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Conclusion
• The algebraic description of least favorable pairs

is given.
• An effective algorithm for searching least

favorable pairs is constructed.
• It is established the connection between

computing functionals (Shannon entropy and
Kullback-Leibler distance) and searching least
favorable pairs.
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Thank you for attention!!!
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