David Sundgren

University of Gavle

July 28, 2011

«O0>» «Fr» «Z» « > o>



UNIVERSITY OF GAVLE

&
DAVID SUNDGREN ISIPTA '11




INDEPENDENCE, SORT OF. ..

Let the first-order probability values be fractions
ki/N,i=1,....,n% 7 1 ki= N. For simplicity we let N be
understood and the second-order probability distribution be over
the integers k;.

Since 27:1 ki = N, the variables cannot be independent,

p(ki, ..., kn) # p1(k1) - ... pn(kn). Or, equivalently,

pi(ki|X) # pi(ki) when X is a set of other variables k;.

But there could be a function f such that

f(ki+ Zk,—ex ki, [X|+1)
F(kex Kis 1X1)

pi(ki|X) = pi(ki)

But then
Pkt kn) o< pr(ke) - ... Pa(kn).
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FACTORING INTO MARGINALS

We want
(k17k27"' le

so for every i,1,...,n,

Pi(ki): Z le i ;]% k)*ﬁé’pj (N k)

T sik=N—k; Kia

where *;; is the n — 1-fold repeated convolution
P1 % P2k -+ % pi_q % pip1 % -+ % pp and K =+ pi(N).
Thus

*ﬁg;pj(N—k,') = K,i: 1,...,[’1.
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THE CONVOLUTION PROPERTY

The z-transform has the property that

Z{p1(k) * pa(k)} = Z{p1(k)} Z{p2(k)}.

Time domain Z domain
p2* ... % pp(N — k1) = Z{p2} ... Z{pn} = Z{KH(c1 — k1)}

p1 % . *pn(N ko) = Z{p1}... Z2{pn} = Z{KH(c2 — k2)}

s kppa(N— k) =K Z{p1}...Z{pn1} = Z{KH(cH — kn)}

So apart from the shifts from the Heaviside function H(c; — k;) all
marginals p; are equal.
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THE SHIFT PROPERTY

If pi(k;) can be written as a shifted function q;(k; — a;),

Z{pi(ki)} = Z{qi(ki — ai)} = Z{qi(ki)}z~*

and
D 3 z—1 23
J#i
Thus
1 K”il r (k + i)
Z{ } o Kz n—1 o ! n—1
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THE 2ND-ORDER DISTRIBUTIONS THAT FACTOR INTO
MARGINALS

Finally, the joint distribution is

bkt s kn) =
M(ki—ait-25)

(N=2 a) Il — =y
(n—1)r (nil)"_ F(V+1-30 0+ 54)

and
the marginal distributions are

(v zjlaj)'r(k—a, nl)
(n—1)r(/\/+1— 08+
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SHIFTED POLYA

The multivariate Pélya distribution is obtained by drawing the
underlying probabilities p; from a Dirichlet distribution and
integrating out p = (p1, ..., pn) from the multinomial distribution.
In the same way, if we compound the Dirichlet distribution with
parameters 1/(n — 1) with the shifted multinomial distribution

(N =0 a) T, P

[T (ki — ai)!
we have
/ ! (W= T
(0= 1)/ - )2 [Ty g il o)
(V=37 a)! [k = 2t /=)
(n—1)r(1/(n—1)"(N+1+1/(n—1)) (ki — a;)!

/:1
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UPDATING OF LOWER BOUNDS

Let there be N balls with n different
colours in an urn. After picking up a;
balls of type i | know that at least a;
of the N balls have this colour. If both
the prior and the posterior factor into
marginals the likelihood is a compound
weighted hypergeometric distribution

n (N_Zle aj)
—a

| | ki—ai p; ¥
[ 9
el ) R

where p is drawn from the Dirichlet dis- [
tribution with parameters k; + i
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EXAMPLE OF UPDATING

Let N=12 and n = 3. At

016

first the plate is empty, that o

isa; =a»=a3=0.

Then four balls are picked
from the urn,
which are of type 1 and one
of type 2: a3 = 3,a
1, a3z = 0.

three of °
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We see the posterior marginal distributions of k; and k» below,
observe that p;(k) = pa(k — 2).
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EXAMPLE OF UPDATING

Given ky = 6,kp =4, ks = 2, Z?:l a; = 4 the likelihood function
would have marginal probabilities such that

Pr(a; = 0) = 0.157,Pr(a; = 1) = 0.172,Pr(a; = 2) = 0.191,
Pr(a; = 3) = 0.218,Pr(a; = 4) = 0.262

For a, we have

Pr(a2 =0) = 0.111,Pr(ap = 1) = 0.127, Pr(ax = 2) = 0.152,
Pr(az = 3) = 0.202, Pr(a, = 4) = 0.406

and

L L L L L L L L L L
0 1 2 3 4 0 1 2 3 4
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